We investigate some consequences of a specific non-conservation of the energy-momentum tensor on the physics of certain cosmic string configurations. This non-conservation is induced by a new gravitational theory recently introduced as an attempt to incorporate dissipative systems in the gravity description 1 . This model of gravity is endowed with a variational principle, where an action-dependence on the geometric sector is assumed. For the Abelian-Higgs string we derive the dynamical equations and provide the numerical solutions describing the behavior of the Higgs and gauge fields as well as the profile of the metric functions for different cases of the parameter that characterises the model. Additionally, from this numerical approach we find how the inner structure of the cosmic string is affected by this underlying gravitational theory, by analyzing the deviations both on the mass per unit length and the deficit angle of the string. Next, we proceed with an analytical treatment obtaining the solution close to the string axis and also the corresponding vacuum solution. Our analytical results are also complemented with the study of a thick cosmic string model, where the defect is endowed with finite core. In this case we have obtained the proper interior solution which joined together with the vacuum metric outside provides an exact solution for the exterior geometry which generalizes previous results and leads to a decreasing of the mass per unit length of the cosmic string.
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I. INTRODUCTION
The formulation of a least action principle suitable to describe dissipative systems is object of a longstanding discussion within the theoretical physics. In the context of classical mechanics one usually deals with it by means of the dissipation Rayleigh function which comes up as a correction at the level of Euler-Lagrange equations [1] . In 1930, G. Herglotz succeeded to construct an extension of classical mechanics in which the dissipative contributions are able to appear already at the action level [2] , by assuming a dependence of the lagrangian function upon the action itself. Only recently a covariant version of the Herglotz theory emerged in [3] , where the authors set out the foundations of a new gravitational theory whose scope encompasses the description of the dissipative systems. One of the immediate consequences of it is that the theory will bring a breaking of the diffeomorphism invariance which shall be translated into a non-conservation of the energy-momentum tensor. The cosmology resulting of this modified gravity was recently investigated in [4] , where the authors found out an interesting equivalence between the corresponding background dynamics of such a cosmology with that one of a bulk viscous universe. At perturbative level, they have shown that the dynamics of the matter perturbations indicates that some drawbacks faced by the bulk viscous model may be alleviated within such a non-conservative framework.
The potential appearence of topological defects in the earliest instants of the universe's evolution is a significant possibility within the context of grand unified theories (GUT) [5] [6] [7] [8] . Theoretically, it is expected that such objects contain a huge amount of energy, far greater than the scales achieveable at the known accelerators, indicating that their detection would allow us to access high energy scales not yet known, thus leading to a proper comprehension of key aspects of the beyond standard model physics. In this picture, topological defects are relics left behind after symmetry breaking processes triggered by the many phase transitions experienced by the early universe during its expansion and progressive cooling down. The nature of the symmetry breaking determines the specific type of topological defect to be formed. Cosmic string is a line-like defect, resulting from a breaking of an axial symmetry, which is somewhat analogue to vortex lines in superfluids and superconductors, as well as dislocation-like imperfections in crystal structures. The existence of these objects are also especulated in the context of string theory where cosmic strings are considered as fundamental strings which stretched to a cosmological scale [9] . Besides, one expects cosmic strings may be formed in some inflationary models, as in the brane inflation scenario [10] . Possible consequences in the cosmological or astrophysical contexts of the existence of cosmic strings have been already extensively investigated. In the past, one used to think of cosmic strings as a possible provider of the generating mechanism of the primordial density fluctuations, competing with the inflationary model on this same job. However, further observations of the cosmic microwave background (CMB) supported the latter as the prevailing source of such a fluctuations [11, 12] , which was corroborated by the most recent observations [13, 14] . Despite of that, it is well known that one possible observational window for cosmic strings is the gravitational-wave radiation they can produce. This can occur in several processes involving cosmic strings loops as for examples decay, oscillations or self-intersections of these loops [6] . So, the revolution in astrophysics and cosmology inaugurated by the first direct detection of gravitational waves by the advanced LIGO/Virgo interferometers shall represent to the cosmic strings issue a new chance for its so expected detection (see [15] for a recent discussion).
All the known gravitational effects of cosmic strings shall be obviously affected by the underlying gravity theory in which they are studied. The Lazo et al modified gravity is a theory where dissipative effects emerge naturally from the least action principle, implying in a departure from the standard conservation of the energy-momentum tensor. It is expected that a cosmic string feels such a deviation through a change in its mass per unit length or linear energy density (which is equal to its tension if we consider the string a system with boost-invariance along its axis), what would affect the main observable quantity of a cosmic string setup. In this vein, our purpose in this work is to investigate such a influence of this modified gravity on the main properties of some cosmic strings configurations.
The paper is organized as follows: in the next section the aforementioned gravitational theory is briefly introduced with the corresponding equations that dictate its dynamics. In the section III we get in touch with the AbelianHiggs model, the first cosmic string scenario that we shall explore in this work. We derive the explicit form of the respective field equations and show that the non-conservative aspect of the theory may reduce its dynamical equations to those ones describing the Bogomolnyi-Prasad-Sommerfeld (BPS) limit [16, 17] . In the section IV we present the full numerical solutions for this problem, showing the impact of the model's parameter on the profile of the metric function along with the behaviour of the gauge and the Higgs fields. In the section V, we report the analytical results obtained in this work, covering both approximate and exact cases. In our approximative approach we find how this extended gravity shapes both the geometry and the form of the matter fields close to the cosmic string axis, revealing consistency with the full numerical treatment when distances near the string are taken. On the other hand, the exact cases comprise i) the vacuum solution, which shall also correspond to the asymptotic behaviour of the Abelian-Higgs string far away from the defect and ii) the generalization of the Hiscock-Gott solution [19, 20] , which means an exterior solution for a cosmic string with finite thickness which has a uniform energy density contained inside it. Once obtained such a solution, we discuss how does it affect the structure of the string by investigating possible variations in its mass per unit length. In the section VI we shall present our concluding remarks about this study as well as some possible extensions to be better studied in a future work.
II. THE THEORY
Originally an action-dependence lagrangian was used by Herglotz to deal with the principle of least action for dissipative systems in the classical mechanics context [2] . Recently, Lazo et al generalized this theory, translating it to a covariant language [3] . The authors propose a model of gravity described by the following lagrangian
with s µ being an action-density field (which disappears during the variation of the action, so it does not manifest in the field equations) and λ µ is a parameter encoding the emerging of "geometric" dissipative effects in the gravity and the deviation from General Relativity (GR). Let us remark that according to the original formulation for this model, such an action-dependence is only upon the Einstein-Hilbert action, with no dependence on the matter action being taken into account. This means that the novel effects arising from this gravitational theory are of purely geometric origin. This coupling four-vector λ µ may be in general a running variable, although we shall assume throughout this work the simplest case where its components are constant 1 . The set of field equations of the theory proposed in [3] can be written as follows given by
where K µν is defined:
In (3) the parameter λ µ is a four-vector encoding the non-conservative nature of the theory. The set of equations is also complemented with the modified conservation law given by
From now on we shall consider c = 1.
III. ABELIAN-HIGGS STRINGS
We are interested in studying cosmic string configurations and its gravitational effects within such a extended theory of gravity. We start with the Abelian-Higgs string which is described by the following Lagrangian density
where D µ φ = ∇ µ φ − ieA µ φ is the covariant derivative associated with the complex scalar field. The field strength tensor is
, of the U(1) gauge potential A µ with the coupling constant e. During the symmetry breaking process both the Higgs and the gauge fields acquire masses given by M H = √ 2λη and M W = √ 2eη, respectively. The parameter σ denotes the self-coupling of the scalar field, whereas η is its vacuum expectation value. As it is known the corresponding energy-momentum tensor is obtained from the Lagrangian through the relation below
This leads to the explicit form of the energy-momentum tensor given by
where the Higgs and gauge fields are [21] 
The most general static cylindrically symmetric line element, invariant under boosts along the z-direction is
where N = N (r) and L = L(r).
1 The Ref. [4] brings a more detailed discussion about the choice (1).
We can verify that the symmetry of the system under consideration imposes to the four-vector λ µ the particular form (0, λ r , 0, 0), with λ r = const. The components of the Ricci tensor associated with (9) are
Whilst for K µν we have
It is convenient to introduce the following redefinitions
with the radial distance r being measured in units of
, is written in terms of the dimensionless coupling constants below
where M pl is the Planck mass. Using the metric (9) in (6) we find the non-vanishing components of the energy-momentum tensor below
while the trace
From T t t and T z z it is possible to obtain two important properties of the string which are its tension, τ , and linear energy density. These two quantities are, respectively, given by
and
However, due to the boost invariance in the z−direction, we shall have µ = τ .
A. The field equations
When we use (9), (10) and (11), along with (14) , in the modified field equations (2) we are left with the following system of nonlinear differential equations
The variables involved in the problem are subject to the following boundary conditions
that guarantee a regular solution at the z−axis. Besides, we admit that the matter fields reach their respective vacuum expectation values far away from the string, which means
We can combine properly (20)- (22) so that a new constraint is obtained:
which is going to be useful to us later on. Since the correction λ µ s µ in (1) does not depend on the Higgs and gauge fields, this term is unaffected by the extremisation of the action with respect to these fields, so that the dynamical equations for the both are strictly the same as the GR ones, namely
On the other hand, the modified conservation law (4) gives
When used in the equation above, (26) and (27) lead straightforwardly to two possible conditions for the metric functions N (r) and L(r), for λ r = 0:
For the sake of simplicity we are going to stick to the first case, in which the metric function N (r) can be merely written as N (r) = 1. It is easy to see that such a choice implies in the so-called BPS limit for which β = 1 [16, 17] . Additionally, N (r) = 1 makes much simpler the set of equations of motion for the Abelian-Higgs string which now becomes
IV. NUMERICAL RESULTS Now we are going to describe the numerical results obtained in this work. We have integrated the system of nonlinear differential equations (31) considering the set of boundary conditions (23) and (24). This was performed by means of the ODE solver COLSYS [18] . Relative erros of the solutions are usually comprised within the order of 10 −8 to 10 −10 (sometimes even better). In the Fig. 1 we present the plots of the Higgs and gauge fields, f (r) and P (r), for different values of λ r , fixing α = 0.2. In the Fig. 2 we report a similar analysis, however for α = 0.5. Notice that increasing the value of λ r makes the both fields f (r) and P (r) get more and more spread around the string axis, causing an effective increasing of the string width. However, these fields revealed almost insensitive to the α parameter. Additionally, we observe a common tendency of both fields to reach "slowly" its vacuum expectation value for higher values of λ r . In the Fig. 3 we present the behaviour of metric function L(r) considering again the parameters α = 0.2 and α = 0.5. For the both cases, we consider λ r = 0.0, 0.2, 0.5 and 0.8. We notice that L(r) is less sensitive to the λ r 's effects at small distances, although a tiny discrepancy is perceiveable for differents λ r . However, the deviation from GR shows up indeed more pronounced for large r , for which L(r) has its slope decreased when one takes higher and higher values for the parameter λ r . This behaviour indicates that stronger deviations from GR shall lead to larger values for the deficit angle.
The behaviours of the linear energy density (or mass per unit length of the string) and planar angle deficit are shown in the Fig. 4 . In the left panel we plot the linear energy density as a function of λ r considering the cases α = 0.2 and α = 0.5. The right panel displays the planar angle deficit as a function of λ r , for these same two values of α. We notice a decreasing of the linear energy density as the λ r parameter, which can be seen as a direct consequence of the dissipative effect one expects to observe within such an extended gravity. On the other hand, for the both cases of α the planar angle deficit increases as λ r takes higher values. We also see that the influence of α weakens as λ r is enhanced. Additionally, we notice the existence of a critical value for λ r about λ cr r ≈ 0.5, at which the deficit angle reaches its maximum value, 2π. From this λ cr r onwards, the deficit angle saturates at its maximum value, what spoils any suitable description of a Abelian-Higgs string within such a gravitational theory for λ r λ cr r . Therefore, this modified gravity is only able to accommodate a proper description of a gravitating Abelian-Higgs string if the departure of GR is not so large.
V. ANALYTICAL TREATMENT
After a full numerical treatment of the system (31) we present in this section the main analytical findings of our study.
A. Solution close to the string axis
Using the set of boundary conditions (23) we can write the approximate form for the system of equations (31) which will by turn provide solutions for L(r), P (r) and f (r) in the regions very close to the string axis (r ∼ 0). In this regime, due to the condition f (0) = 0, it is reasonable to keep only linear terms in f (r) and neglect all the possible higher contributions of these function. This implies in a approximative form for the system (31) given by:
which gives the following set of solutions
As expected, the behaviours both of the matter fields and the metric function showed above are clearly endorsed by the full numerical analysis we have performed in the previous section. As the plots (1a), (2a), (3a) and (3b) show us, the profiles of f (r) and L(r) are only considerably affected by λ r as one departs the string's vicinity, with a significant influence only from the r 2 powers onwards. As such, the closer to the string axis the more these fields look like their GR counterparts, with f (r) being a bit more sensitive than L(r) to the modification of gravity in this close-to-string regime. On the other hand, we observe that λ r 's impact on P (r) behaviour is even weaker, with a dependence on this parameter becoming evident just from the r 3 power onwards. In fact, one notices from Figs. (1b) and (2b) that this tiny dependence of P (r) upon λ r is also verified even in the full regime.
B. Vacuum solution
One assumes the cosmic string is a localized configuration whose corresponding matter fields shall vanish far away its core and the spacetime of the string will reduce to the cylindrically symmetric vacuum solution of the respective gravitational theory. In GR the vacuum for this symmetry is described by the Kasner solutions [22] , however here one expects a new set of metric functions modified by the contribution of the parameter λ r . In this vein, we integrated the field equations (20)- (22) in empty space and obtained an exact result given by
where N 1 and L 1 are constants. For the sake of simplicity, we shall restrict our attention to regular solutions whose behaviour is well-defined in all the space. This leads us to assume λ r 's sign as positive, since a negative one would imply in a naked singularity at infinity, as one can clearly see from (36) and (37). Notice that in the limit when λ r → 0, the solution above recover the Kasner one N (r) ∼ N 1 r a and L(r) ∼ L 1 r b . The relation between the exponents a and b is
which is found by means of the vacuum equations arising from (20) . This relation is the same as the one found in the GR context [22] and leads to the two possible solutions below
In fact the first case is particularly interesting for the study of cosmic strings as it contains solutions with deficit angle. So, we shall focuse on this case, in which (a, b) = (0, 1). One denotes deficit angle by ∆ϕ, which can defined in terms of the metric function L(r) as follows
Notice that when setting b = 1 in (37) one finds L (∞) = 0, leading to ∆ϕ = 2π, which is the critical limit acceptable for the deficit angle. This indicates that for r large the surface (t, z) = const of the vacuum geometry approaches asymptotically a cusp.
C. The string as an extended source
It is common to consider the string as a line source, meaning that all the matter distribution characterising the defect is concentrated at the central axis. This leads one to model the cosmic string in terms of a delta-like energymomentum tensor, which arises as the suitable way to represent a conical singularity lying at the origin, with a locally flat spacetime being achieved in the outside region. However, such hypothesis is somewhat unrealistic, as it would bring an undesirable divergence to the model which possibly would cause difficulties to the practical treatment of this problem. A simple and direct attempt to circumvent this inconvenient feature could be assuming that the defect is enclosed in a finite radius, ρ 0 , inside of which its energy density is distributed. Let us consider that the inner region is described by the following metric tensor
where A = A(ρ) and B = B(ρ). The energy distribution of the string is parametrized by a radial function (ρ). So, this energy-momentum tensor could be written as
For this configuration the modified field equations become
where the prime here is denoting derivative with respect to ρ. It is easy to verify that the system above also admits the same two family of solutions (29) and (30). From the both cases we shall focuse on that one which is simpler and also more interesting for the study of cosmic strings, namely A(ρ) = const. This case makes the remaining field equations to be reduced into a single one given by
To solve (46) we should in principle specify (ρ). However, in order to obtain a closed solution for this equation and capture the immediate effect of the parameter λ r , we can simplify the problem by assuming a model where the energy density is almost uniform, (ρ) ∼ 0 . This implies in the following solution
where a 0 and b 0 are integration constants and ρ * ≡ 8πG 0 − . Notice that for λ r = 0 we recover the Hiscock's solution [19] , obtained in the context of GR. This solution was also derived independently by J. R. Gott III in [20] , where the author discuss possible consequences of this solution on the gravitational lens effect.
2 Although the results obtained in this section so far are valid for any value of λr, from now on we shall concentrate in a specif case where the condition Let us recall that (47) is subject to the boundary condition B(0) = 0 which imposes the fixing a 0 = 0. Besides, the constant b 0 can be determined by following the same Hiscock's claim: avoidance of conical singularity. This is achieved by setting b 0 = ρ * , so that the solution becomes
The exterior metric is given by the vacuum solution (37) [with b = 1]:
We are looking for an exact solution holding in the entire space, so we must require that both the inner and the exterior solutions join together along the surface of the string. This means to assume continuity for B(ρ) (interior) and L(r) (exterior) and their respective first derivatives at ρ = ρ 0 and r = r 0 . These two conditions provide, respectively, the equations below
In fact we are interested in determining the constant L 1 which carries the information about the deficit angle. This can be achieved from (50) and (51), by eliminating r 0 and reducing the both equations into a single which gives L 1 in terms of the remaining parameters of the model
Now we are able to assess the impact of the parameter λ r on the mass per unit lentgh (or linear energy density) of the string, which in terms of (42) can be given bỹ
where g (2) ij denotes the metric of the surface (t, z) =const. whose determinant is B 2 (ρ). This quantity plays a crucial role within the physics of cosmic strings, since it has connection with the energy scale of the symmetry breaking that produced the cosmic string. Given the energy scale at which the symmetry was broken, η, it is shown that µ ∼ η 2 [6] . This parameter is usually expressed in terms of a dimensionless quantity Gμ 2 which is indeed the main observable associated with the cosmic strings. From (53) one finds
which from (52) leads to
Since λ r is positive the equations above shows that the effective mass per unit length within this modified theory is smaller than its GR counterpartμ
where 4Gµ GR = 1−cos(ρ 0 /ρ) andρ ≡ (8πG 0 ) −1/2 . So, the geometric dissipative effects coming from such a deviation from GR contributes to a decreasing of the linear energy density of the cosmic string. Moreover, with aid of (55) it is possible to write the exterior solution in terms ofμ as follows
which generalizes the exact solution originally obtained in the context of GR [19, 20] for arbitrary values of λ r .
VI. CONCLUSIONS AND PERSPECTIVES
In this work we have investigated some immediate consequences of a specific modified gravity on some cosmic string configurations. This alternative theory is characterized by the presence of dissipative effects emerging from first principles through a correction on the usual Einstein-Hilbert action, which makes the energy-momentum tensor respect a non-standard conservation law. We have obtained the respective dynamical equations for the Abelian-Higgs string and have found out that the modified conservation law of the energy-momentum tensor gives rise to a constraint which leads authomatically to β ≡ M 2 H M 2 W = 1, simplifying enormously the set of dynamical equations. This case can be seen as the corresponding BPS regime achievable within this model of gravity. Our following step was to integrate numerically these resulting system of nonlinear equations both for the metric and the matter fieds, analyzing the choices α = 0.2 and α = 0.5. We notice that the impact of α on f (r) and P (r) is quite small, contrarily to what occurs with the λ r parameter that clearly modifies the manner these fields get distributed around the string. In particular, we verified that both f (r) and P (r) contributes to an increasing of the string's width as the modified gravity gets stronger and stronger. Besides, the consequences on the defict angle and the mass per unit length of the string are also adreessed. From this analysis we found an upper bound for the λ r parameter given by λ cr r ≈ 0.5 for which the deficit angle reaches its maximum value, µ max = 2π, leading to an undesirable cosmic string setup from the physical point of view. In our analytical approach we computed the solution close to the string which gave expected behaviours when compared with the numerical results. Moreover, we have obtained the exact solution in the absence of the matter fields, generalizing the standard Kasner type solution for the vacuum of cylindrical geometry of Einsteinian gravity. This solution was used in the subsection V.C, when we studied a gravitating cosmic string endowed with a finite radius. We computed the inner metric tensor and match it at the boundary with the vacuum solution outside. We have found a result generalizing the usual Gott-Hiscock solution for the non-conservative gravity. In special, we verified that the influence of λ r parameter in such a thick string configuration manifests as a decreasing in linear energy density of the string, what can be interpreted as a direct consequence of the dissipative effects emerging from this new theory of gravity leaving its signature on the main observable of the cosmic string physics. This work also leaves open issues that may be properly explored in a future opportunity, as for instance a more careful analysis of the class of solutions given by (30), which would also involve the use of numerical methods in a similar way to what we have done here. Furthermore, it would be interesting to investigate the two remaining cases of solutions for (46), namely 
